Abstract. We explore an analogue of the André-Oort Conjecture for subvarieties of Drinfeld modular varieties. The conjecture states that a subvariety X of a Drinfeld modular variety contains a Zariski-dense set of complex multiplication (CM) points if and only if X is a ''special'' subvariety (i.e. X is defined by requiring additional endomorphisms). We prove this conjecture in two cases: firstly when X contains a Zariski-dense set of CM points all of which lie in one Hecke orbit, and secondly when X is a curve containing infinitely many CM points without any additional assumptions.
1. Introduction 1.1. The André-Oort Conjecture. The André-Oort Conjecture for complex Shimura varieties states the following. Conjecture 1.1 (André-Oort). Let S be a Shimura variety over C, and X H S be an irreducible algebraic subvariety. Then X ðCÞ contains a Zariski-dense set of special points of S if and only if X is a subvariety of Hodge type.
For definitions and a good overview of this topic, see Rutger Noot's survey paper [25] .
There has recently been significant progress on this conjecture, which we classify into four flavours.
(A) Products of modular curves. Yves André [2] proved the André-Oort Conjecture when S is a product of two modular curves. Slightly earlier, Bas Edixhoven [11] found a proof assuming the Generalised Riemann Hypothesis (GRH), which generalised well to products of several modular curves [13] , and to products of Shimura curves (by Andrei Yafaev [33] ). This method, involving Galois orbits of special points and Hecke correspondences, is central to most further progress, including this paper. A surprising new development in this area is an unconditional proof of the case where S is a product of modular curves, due to Jonathan Pila, using techniques from model theory [26] .
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The present paper continues this programme, by addressing analogues of results in (B) and (C) above. More precisely, suppose M is a Drinfeld modular variety parametrising rank r Drinfeld modules with some level structure. A point on M is called a CM point if the underlying Drinfeld module has complex multiplication, and an irreducible algebraic subvariety X H M is called special if it is (roughly) an irreducible component of the locus of Drinfeld modules with additional endomorphisms (see Section 3.3 for the full definition). Then we conjecture that an irreducible algebraic subvariety X H M contains a Zariski dense set of CM points if and only if X is special.
One di‰culty is that much of the machinery needed to study such questions is lacking in the literature, and this article provides some of that machinery. Our techniques allow us to prove two main results (see Section 3.4 for the full statements). First, we prove the conjecture in the case where all the CM points lie in the same Hecke orbit. Secondly, we prove the conjecture when X is a curve. In particular, our conjecture holds for Drinfeld modular surfaces which parametrise Drinfeld modules of rank three, in which case the result is particularly elegant: any infinite set of CM points on a Drinfeld modular surface is Zariskidense.
Our proof strategy is similar to that developed by Edixhoven and Yafaev, though translation of the details is not automatic. Let X H M be an irreducible algebraic subvariety, containing a Zariski-dense set of CM points. We first reduce ourselves to the case where X does not lie in a proper special subvariety of M (we say X is Hodge generic). Next we study Galois actions on CM points to show that X is stabilised by a suitable Hecke cor-respondence (this requires a strong form of the Č ebotarev Density Theorem in case (C), which is where GRH is needed in the classical case). The image under this correspondence is then shown to be irreducible, so that X contains complete Hecke orbits. Finally, one shows that such Hecke orbits are dense in an irreducible component of M, and the result follows.
To tackle the general case, (D) will require Galois action on special subvarieties, and some new ideas to handle special subvarieties with bounded Galois orbits. This will be treated in Patrik Hubschmid's PhD thesis, and we will not touch it here.
1.3. Layout. Section 2 gathers some basic background on Drinfeld modular varieties, including Hecke correspondences and the theory of complex multiplication. Many of these results are already known and are included, as concisely as possible, to fix our notation. In Section 3 we define special subvarieties of Drinfeld modular varieties, inspired by the definition of subvarieties of Hodge type (Definition 3.4). In Section 3.4 we state an analogue of the André-Oort Conjecture (Conjecture 3.5) and our main results (Theorems 3.6 and 3.7). Section 4 deals with the analytic theory of Drinfeld modular varieties, treating Hecke correspondences in some detail (Section 4.2 and Section 4.3), and then going on to prove that certain Hecke orbits are Zariski-dense in the underlying moduli space (Theorem 4.2). In Section 5 we exhibit explicit polynomial equations satisfied by Hecke correspondences over rational function fields. We use this to prove an intersection result (Proposition 5.2) needed in the proof of Theorem 3.7. In Section 6 we show that the images of irreducible subvarieties under certain Hecke correspondences are irreducible (Theorem 6.1). Finally, the main results are proved in Section 7.
1.4. Notation and conventions. All algebraic varieties are assumed to be closed unless stated otherwise.
The reader is assumed to be familiar with the basic theory of function field arithmetic and Drinfeld modules. Standard references for Drinfeld modules and their moduli spaces are [9] , [10] , [17] , [18] and [29] .
The following notation will be used throughout the article: jSj denotes the cardinality of the finite set S.
K is a global function field with exact field of constants F q .
y is a fixed place of K.
A is the Dedekind domain of elements of K regular away from y. jnj :¼ jA=nj for a non-zero ideal n H A.
degðaÞ :¼ log q jaAj for a A A, a 3 0.
K y is the completion of K at y.
C y :¼K K y is the completion of an algebraic closure of K y .
n is the completion of A at p.
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Drinfeld modular varieties
2.1. Drinfeld modules over a scheme. Let g S : S ! Spec A be an A-scheme. Recall (e.g. [9] , Definition 5.1) that a Drinfeld A-module of rank r over S is a pair ðL; jÞ S consisting of a line bundle L=S and a ring homomorphism j : A ! End F q ðLÞ; a 7 ! j a which over any trivializing open subset Spec B H S is given by
A ! B is induced by the structure morphism), m ¼ r degðaÞ and a m is a unit in B. The ring Bftg is called the ring of twisted polynomials over B, and the following commutation relation holds:
When F is a field, S ¼ SpecðF Þ and L ¼ G a; F , we call j a Drinfeld module over F . We say it has generic characteristic if g
Let n H A be a non-zero ideal. Then a level-n structure on ðL; jÞ S is a morphism of A-modules a : ðn À1 =AÞ r ! LðSÞ such that P
x A ðn À1 =AÞ r aðxÞ ¼ j½n as Cartier divisors on L.
A full level structure on ðL; jÞ S is a morphism of A-modules a : ðK=AÞ r ! LðSÞ such that aj ðn À1 =AÞ r is a level-n structure for every non-zero ideal n H A.
A morphism ðL; j; aÞ S ! ðM; c; bÞ S of Drinfeld modules with a given level structure is a morphism f : L ! M of line bundles over S such that f j a ¼ c a f for all a A A, and f a ¼ b. It is an isomorphism if it is an isomorphism of line bundles. A non-zero morphism is called an isogeny.
Moduli schemes.
Consider the functor F r A ðnÞ : A-Schemes ! Sets, which maps S to the set of isomorphism classes of rank r Drinfeld A-modules over S with level-n structure. When n is divisible by two distinct primes (we call n admissible), then 
Since the composition p g is the quotient by g À1 Kg, the Hecke correspondence factors through M r A ðK g Þ, where
It follows that T g is a finite algebraic correspondence of degree
where Z denotes the centre of GL r ðÂ AÞ. Note that for any x A M r A ðKÞ, the Drinfeld modules corresponding to the points T g ðxÞ are linked to the Drinfeld module corresponding to x by isogenies specified by the choice of g.
Let n H A be a non-zero ideal. We denote by T n the correspondence on M r A ðKÞ formed by the union of all Hecke correspondences encoding incoming cyclic n-isogenies (i.e. if y A T n ðxÞ, then there exists an underlying isogeny f : j y ! j x with ker f G A=n). When K ¼ GL r ðÂ AÞ, then T n ¼ T g with g ¼ diagðn n; 1; . . . ; 1Þ, wheren n AÂ A denotes a generator of the principal ideal nÂ A. For an open subgroup K H GL r ðÂ AÞ, the graph of T n in M . We thus see that T n is a finite union of Hecke correspondences.
Complex multiplication.
Let j be a rank r Drinfeld A-module over a field in generic characteristic. Then the endomorphism ring R ¼ EndðjÞ is a commutative A-algebra which has rank dividing r as a projective A-module. Moreover, R is an order in its quotient field K 0 , and the extension K 0 =K is purely imaginary, which means that K 0 has only one prime lying above y, which we again denote by y. When ½K 0 : K ¼ ½R : A ¼ r, then we say j has complex multiplication (CM) by R.
Suppose now that j has CM by the ring R. Then we may view j as a rank one Drinfeld R-module even if R is not integrally closed, thanks to the work of Hayes [20] . Denote by H R the ring class field associated to the order R (in general, if F is a finite extension of K, we define the Hilbert class field of F to be the ring class field of the integral closure of A in F ). Then H R =K 0 is an abelian extension, totally split at y and unramified outside the conductor of R in A 0 , and GalðH R =K 0 Þ G PicðRÞ.
Hayes showed in [20] , Section 8, that, up to isomorphism, there are precisely jPicðRÞj rank one Drinfeld R-modules, each defined over the field H R , and GalðH R =K 0 Þ acts on these isomorphism classes like isogenies. More precisely, let a H R be a non-zero ideal, let s a ¼ ða; H R =K 0 Þ A GalðH R =K 0 Þ G PicðRÞ correspond to the class of a, and let j be a rank one Drinfeld R-module. Then j s a ¼ a Ã j. In other words, there is an isogeny j ! j s a with kernel R=a. Proof.
(1) We may choose j x defined over H R . The full torsion submodule (and hence a full level structure) of j x is then defined over K 0ab , the maximal abelian extension of K 0 which splits completely at y. It follows that any point of M r A ðC y Þ lying above x is defined over K 0ab , hence so is x itself. The GalðK 0ab =H R Þ-orbit of x lies completely above the point of M r A ð1ÞðC y Þ corresponding to j x , and it follows that ½K 0 ðxÞ : H R can be no larger than the degree of the morphism M (2) There is an isogeny of rank 1 Drinfeld R-modules
with kernel isomorphic to R=N, which is automatically also an isogeny of rank r Drinfeld A-modules with kernel isomorphic to A=n. Note that A ,! R ! ! R=N is a morphism of A-modules with kernel n, so R=N G A=n as rings implies the isomorphism for A-modules, too. r 2.5. CM heights. Let j be a rank r Drinfeld A-module with complex multiplication by an order R in K 0 , as above. Let c ¼ fa (1) Let B > 0 be any given constant. Then M r A ðKÞðC y Þ contains only finitely many CM points of CM height bounded by B.
(2) For every e > 0 there is a computable constant C e > 0 such that the following holds: Let j be a Drinfeld module with complex multiplication by R as above. Then jPicðRÞj > C e H CM ðjÞ 1Àe :
Proof.
(1) For a given g f 0 the field K has only finitely many extensions K 0 of degree r with constant field contained in F q r and genus gðK 0 Þ e g, by [18] (2) We start with the following lower bound for the class number of K 0 (see [3] , Proposition 3.1):
Next, we have the exact sequence (cf. [24] , Section I.12)
and since jA 0Â =R Â j e q r , it remains to bound ðA 0 =cÞ Â =ðR=cÞ Â from below in terms of jcj.
By the Invariant Factor Theorem ( [8] , Section 22) there exist A-ideals a 1 ; . . . ; a r and e 1 j e 2 j Á Á Á j e r , and elements m 1 ; . . . ; m r A A 0 such that, as A-modules,
The conductor of R satisfies c X A ¼ e r , and we have
On the other hand,
The result follows. 
LðSÞ is a level-n structure on j.
We thus obtain a transformation of functors 
Proof. The morphism is separated and of finite type as both schemes are spectra of K 0 -algebras of finite type.
We use the valuative criterion for properness. Let R be a discrete valuation ring with quotient field L and valuation v, provided with a map A 0 ,! R (base extension to K 0 forces generic characteristic). Given a commutative diagram
with given morphisms f and g, we want to show that there exists a morphism h (we already have uniqueness). The morphism f corresponds to an isomorphism class of rank r 0 Drinfeld A 0 -modules j : A 0 ! Lftg and g corresponds to an isomorphism class of rank r Drinfeld A-modules c : A ! Rftg such that the leading coe‰cient of any c a is a unit in R (so c is a Drinfeld module over Spec R). That the diagram commutes means that jj A G c. By choosing suitable representatives in the isomorphism classes, we may assume that jj A ¼ c. To construct the morphism h, we will show that j is already defined over R, and that the leading coe‰cient of each j a , a A A 0 , is a unit.
Let 0 3 a A A 0 with minimal polynomial It follows that j a ðTÞ A R½T. It remains for us to show that the leading coe‰cient of j a is a unit.
Write
Multiplying out the right-hand side of (3.3), we find that the coe‰cient of the highest power of t is of the form
where I H f0; . . . ; ng, and each b 0 i A R Â is the leading coe‰cient of j b i (b n :¼ 1), which has degree d i ¼ r degðb i Þ. Now, we have at least two terms, and the exponent of a m is di¤erent in every term (the ith exponent has i À 1 non-zero digits in base q). Therefore we must have vða m Þ ¼ 0, which is what we wanted to prove.
Lastly, since j½n ¼ c½n 0 is étale over Spec R we see that the level structures are automatically compatible, and thus we have a well-defined morphism h : Spec R ! M 
An irreducible subvariety
, so we see that X is special if X is maximal with respect to the conditions: (1) X H M r A ðnÞ C y is closed and irreducible, and (2) R ,! Endðj X Þ. Conversely, special subvarieties are maximal in this respect. In particular, CM points are the special subvarieties of dimension zero. We remark that special subvarieties of Drinfeld modular varieties are analogous to subvarieties of PEL type in moduli spaces of abelian varieties over C even though our def-inition mimicks that of subvarieties of Hodge type. However, moduli spaces of complex abelian varieties contain subvarieties of Hodge type which are not of PEL type, the situation thus being more complicated than in the case of Drinfeld modular varieties.
Now let X H
3.4. The André-Oort Conjecture for Drinfeld modular varieties. We are now ready to state our analogue of the André-Oort Conjecture for Drinfeld modular varieties.
Conjecture 3.5. Let X H M r A ðKÞ C y be an irreducible subvariety. Then X ðC y Þ contains a Zariski-dense set of CM points if and only if X is special.
Notice that if r is prime, then the only special subvarieties of M r A ðKÞ C y are CM points and the irreducible components of M r A ðKÞ C y itself. Thus in this case any infinite set of CM points is expected to be Zariski-dense in an irreducible component of M r A ðKÞ C y . This is analogous to the following special case of the Manin-Mumford Conjecture (first proved by Raynaud [28] ): any infinite set of torsion points in a simple abelian variety over C is Zariski-dense.
It is relatively easy to show that any special subvariety of a Drinfeld modular variety contains a Zariski-dense set of CM points (see Corollary 4.3 below); it is the converse that seems to be harder.
A result similar to Conjecture 3.5 is known for M r A ðKÞ replaced by the product of Drinfeld modular curves in odd characteristic (see [3] for the case A ¼ F q ½T and [4] for general A).
The main results of this paper are the following. Theorem 3.6. Let X H M r A ðKÞ C y be an irreducible algebraic subvariety. Suppose that X ðC y Þ contains a Zariski-dense subset S of CM points satisfying the following conditions:
(1) There is an imaginary extension K 0 =K such that, for all x A S, Endðj x Þ is an order in K 0 .
(2) There is a set Q of primes of A, of Dirichlet density zero, such that, for all x A S, if p B Q, then p does not divide the conductor of Endðj x Þ.
Then X is special. In particular, if S lies in one Hecke orbit, then X is special.
Theorem 3.7. Let X H M r A ðKÞ C y be an irreducible subcurve. Then X contains infinitely many CM points if and only if X is special. In particular, Conjecture 3.5 holds for r ¼ 3.
Theorem 3.7 is an analogue of Yves André's original conjecture on special points on subcurves of Shimura varieties [1] , Problem 9, proved under GRH by Yafaev in [35] .
The methods used in this paper are an adaptation of the method pioneered by Edixhoven and Yafaev in [11] , [12] , [14] , [34] . Theorem 3.7 requires some intersection theory (Section 5) which provided the motivation for the paper [6] . It also requires a strong form of the Č ebotarev Density Theorem, which is where GRH is needed in the classical case. Our result is unconditional because the GRH holds over function fields.
Analytic theory
4.1. Moduli spaces. Drinfeld A-modules over C y correspond to A-lattices in C y , and the adèlic description of such lattices leads to the following analytic description of Drinfeld modular varieties, see e.g. [9] . We let Here, GL r ðKÞ acts on W r and on GL r ðA f Þ from the left as usual, and K acts on GL r ðA f Þ from the right (and trivially on W r ).
Choose a set of representatives S in GL r ðA f Þ for the finite set GL r ðKÞnGL r ðA f Þ=K. Let ½o; h A GL r ðKÞnW r Â GL r ðA f Þ=K, and let s h A S be the representative of h in GL r ðKÞnGL r ðA f Þ=K. Then there exists ð f h ; k h Þ A GL r ðKÞ Â K such that f h hk h ¼ s h and ½o; h ¼ ½ f h ðoÞ; s h . It follows that we have a bijection (in fact, a rigid analytic isomorphism)
½o; h 7 ! ½ f h ðoÞ s h ; where for each s A S we define the arithmetic group G s :¼ sKs À1 X GL r ðKÞ. We see that the irreducible components of M r A ðKÞ an ðC y Þ (and thus also of M r A ðKÞ C y , by [22] , Korollar 3.5) are in bijection with S.
The determinant gives a bijection (see for example [17] , II.1.4)
The group on the right-hand side is the class group of A corresponding to detðKÞ, and we also notice that One easily verifies that this correspondence factors through GL r ðKÞnW r Â GL r ðA f Þ=K g , where we recall
If detðK g Þ ¼ detðKÞ, then the canonical projection M In general, the restriction of the Hecke correspondence T g on any irreducible component of M r A ðKÞ C y has jdetðKÞ : detðK g Þj irreducible components as an algebraic correspondence.
We point out that M r A ðK g Þ C y , and thus T g , are actually defined over the field K for all g A GL r ðA f Þ (their C y -irreducible components are defined over abelian extensions of K, a fact that we will not need here).
Explicit action of T g . We now describe the action of T g on '
s A S G s nW r explicitly.
Let ½o s A G s nW r ; this is the same as ½o; s A GL r ðKÞnW r Â GL r ðA f Þ=K. It lifts to the set f½o; sk A GL r ðKÞnW r Â GL r ðA f Þ=K g j for representatives k A K of K=K g g which in turn maps to the image of T g :
All of these points lie in the same irreducible component of M Let n H A be a non-zero ideal, andn n AÂ A be a generator of the principal ideal nÂ A. Let K ¼ GL r ðÂ AÞ and g ¼ diagðn n; 1; . . . ; 1Þ A GL r ðA f Þ. Then ðÂ AÞ j a 2; 1 ; a 3; 1 ; . . . ; a r; 1 A nÂ Ag;
.
We now describe the action of T n on M r A ð1Þ explicitly.
Proposition 4.1. Suppose n ¼ hNi is principal. Then T n preserves the irreducible components of M r A ð1Þ C y . Let ½o A GnW r be a point on one of these components. Then T n : ½o 7 ! f½tðoÞ j for representatives t A GnGgGg;
where g ¼ diagðN; 1; . . . ; 1Þ.
Proof. For every s A S we have ½detðsÞ ¼ ½detð f s; k; g Á skg
The action of T n on GnW r is given by
for some f A GL r ðKÞ which encodes a cyclic n-isogeny, and T n : ½o 7 ! f½tðoÞ j for representatives t A GnGf Gg:
We need to show that we may choose f ¼ g ¼ diagðN; 1; . . . ; 1Þ.
A point ½o A GnW r corresponds to a lattice 
Hence there exist base changes g 1 ; g 2 A G for the two lattices which satisfy f ¼ g 1 gg 2 . The result follows. Then, by Proposition 4.1, the Hecke-orbit T y n ðxÞ contains ½H Á o, where H H GL r ðKÞ is the subgroup generated by g and G.
Denote by d ij the r Â r matrix with 1 in position ði; jÞ and 0 elsewhere. Since G X GL r ðAÞ has finite index in GL r ðAÞ, it follows that G ij X G has finite index in G ij , where
For each n A Z we construct the following elements of H:
The element s n i ðaÞ A H acts as translation by a i N Àn in the direction of the ith axis in W r H A rÀ1 ðC y Þ.
We thus see that T 5.1. J-invariants. In this section we temporarily restrict ourselves to the case where A ¼ F q ½T is a polynomial ring.
Igor Potemine [27] constructed a set of explicit invariants, which we denote J 1 ; . . . ; J N , characterising the isomorphism classes of Drinfeld F q ½T-modules, so that The value of N depends on r and on q, and the invariants are not algebraically independent.
Let n H F q ½T be an ideal. In [6] there are constructed explicit polynomials where now DegðT n Þ denotes the degree of the graph of T n as a variety. This bound is crude, but su‰cient for our purposes.
Intersections.
We now drop the restriction on A again. For every transcendental element T A A we have F q ½T H A and K=F q ðTÞ is an imaginary extension of degree d T , say. Thus we have the canonical morphism (injective on C y -valued points)
For any subvariety Z H M r A ð1Þ K we define the T-degree deg T ðZÞ to be the degree of r T ðZÞ H A N K as in the previous section. This leads to the following result, which we will need in the proof of Theorem 3.7.
Proposition 5.2. Let T A A be a transcendental element. Then there exist computable positive constants c ¼ cðTÞ and n ¼ nðTÞ such that the following holds: Let Z H M r A ð1Þ C y be an irreducible algebraic subvariety, and let P H A be a prime which has residual degree one over p :¼ P X F q ½T. Then
In particular, if Z X T P ðZÞ is finite, then jZ X T P ðZÞj e c deg T ðZÞ 2 jPj n :
Thus we have 
Irreducibility of Hecke images
For a non-zero prime p H A we denote by p p : GL r ðA f Þ ! GL r ðK p Þ the projection onto the p-factor. Let K H GL r ðÂ AÞ be an open subgroup. Then the support of an element g A GL r ðA f Þ relative to K is defined to be the finite set
For an ideal n H A we denote by SuppðnÞ :¼ fp j p j ng the set of prime factors of n.
Our next goal is to prove the following result.
Theorem 6.1. Let K H GL r ðÂ AÞ be an open subgroup, and let X H M r A ðKÞ C y be an irreducible Hodge generic subvariety. Then there exists a non-zero ideal m X , depending on X , with the following property: For every g A GL r ðA f Þ with Supp K ðgÞ X Suppðm X Þ ¼ j and every irreducible componentT T g of T g on M r A ðKÞ, the imageT T g ðX Þ is irreducible.
Proof. We first replace X by X ns , the non-singular locus of X . Choose a set S H GL r ðA f Þ of representatives for GL r ðKÞnGL r ðA f Þ=K in such a way that each s A S is of the form s ¼ diagðs 0 ; 1; . . . ; 1Þ with s 0 A A f . For each s A S let G s :¼ sKs À1 X GL r ðKÞ. We have X an ðC y Þ H G s nW r for some s A S. Let X H W r be an irreducible component of the preimage of X an ðC y Þ, and set D ¼ Stab G s ðXÞ, so that X an ðC y Þ G DnX (see [5] ). By abuse of terminology, we call D the analytic fundamental group of X . Denote byD D andĜ G s the respective closures of D and G s in GL r ðA f Þ.
We need the following lemma, which uses the fact that X is Hodge generic. (clearly (6.3) holds with n p ¼ 0 when p B Supp K ðgÞ). Then n is prime to m X , and we see that
It follows that G s; g nG s ,! t GL r ðA=nÞt À1 , with the same image as D, and hence D acts transitively on G s; g nG s , as desired. r
Proof of the main results
We will need the following concept in our proofs.
Definition 7.1. Let M=L be an algebraic field extension. A prime p of L is called residual in M if there exists a prime P of M above p with residual degree f ðP j pÞ ¼ 1. If R is an order in M, then p is residual in R if it is residual in M and p does not divide the conductor of R.
CM points lying in one Hecke orbit.
Proof of Theorem 3.6. It su‰ces to prove the result for K ¼ GL r ðÂ AÞ. Let ðA 0 ; hÞ be the Hodge type of X , so X is an irreducible subvariety of
A 0 ð1Þ C y Á be an irreducible preimage of X , and S 0 H X 0 ðC y Þ be a Zariski-dense preimage of S.
We replace ðX ; S; A; rÞ by ðX 0 ; S 0 ; A 0 ; r 0 Þ and add to Q the finitely many primes dividing the orders of the isogenies corresponding to T h . Then conditions (1) and (2) are still satisfied. Now X is Hodge generic, and we must show that X is an irreducible component of M r A ð1Þ C y .
Choose a field of definition F of X which is a finite extension of K 0 (we may since S H X ðKÞ) and which contains the Hilbert class field of K. Denote by F s the separable closure of K in F , and denote by M the Galois closure of F s over K.
Denote by m X H A the ideal from Theorem 6.1. By the Č ebotarev Density Theorem [15] , Theorem 5.6, there exists a non-zero prime p H A, p B Q, p F m X , which splits completely in M=K. Hence there is a prime P of FM with residue degree f ðP j pÞ ¼ 1. Also, p is principal since it splits in the Hilbert class field of K.
Now let x A S, and write R ¼ Endðj x Þ, which is an order in K 0 . Let K 0 ðxÞ be the ring class field of R, which is a field of definition of x over K 0 . Let p 0 :¼ P X K 0 ; it has residue degree 1 over p. Denote by L the Galois closure of F s K 0 ðxÞ over K 0 and let P 0 be a prime of L above p 0 . Let s A AutðFL=FK 0 Þ be an extension of the Artin element ðP 0 ; L=K 0 Þ À1 ; it fixes F because p is residual in F .
By Proposition 2.1, we have sðxÞ A T p ðxÞ, and so
and by assumption (4), this is larger than the intersection degree of X X T p ðX Þ. Denote by n c the constant extension degree of M=F q ðTÞ and by n g the geometric extension degree. We have n g n c ¼ ½M : F q ðTÞ e C 1 for some constant C 1 not depending on x. Now the strong Č ebotarev Theorem for function fields (cf. [15] , Proposition 5.16) says:
If n c j t; then p M ðtÞ À 1 n g q t =t < 4ðg M þ 2Þq t=2 ;
where g M denotes the genus of M. Notice that it is at this stage where a strong version of the Č ebotarev Theorem is used which requires the Generalized Riemann Hypothesis in characteristic 0. We can bound g M in terms of the genus g 0 of K 0 (which equals the genus of K s ) using the Castelnuovo inequality (see [30] , III.10.3) and obtain
where C 1 , C 2 and C 3 are positive constants independent of our CM point x and of t. Let c be the conductor of R in K 0 . A principal prime p satisfying (1), (2) and (3) is su‰ciently large, then such a solution does exist as one just needs q t to be large compared to g 0 and logjcj, and small compared to q g 0 and jcj. This completes the proof. r Remark 7.2. Suppose that the curve X is defined over a finite extension F =K. Then in order to prove that X is special, it su‰ces to find one CM point x with H CM ðxÞ larger than some computable constant depending on F , T, deg T ðX Þ, and on m X . However, m X may be di‰cult to bound in practise.
